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ABSTRACT
Context. Galaxy filaments are the dominant feature in the overall structure of the cosmic web. The study of the filamentary web is an
important aspect in understanding galaxy evolution and the evolution of matter in the Universe. A map of the filamentary structure is
an adequate probe of the web.
Aims. We propose that photometric redshift galaxies are significantly positively associated with the filamentary structure detected
from the spatial distribution of spectroscopic redshift galaxies. The long-term aim is to use the photometric galaxies in addition to
spectroscopic galaxies to create a more detailed and far-reaching map of the filamentary structure.
Methods. The catalogues of spectroscopic and photometric galaxies are seen as point-process realisations in a sphere, and the cata-
logue of filamentary spines is proposed to be a realisation of a random set in a sphere. The positive association between these sets was
studied using a bivariate J−function, which is a summary statistics studying clustering. A quotient D was built to estimate the distance
distribution of the filamentary spine to galaxies in comparison to the distance distribution of the filamentary spine to random points
in 3−dimensional Euclidean space. This measure also gives a physical distance scale to the distances between filamentary spines and
the studied sets of galaxies. In the 3−dimensional case, galaxies and random points are described as line of sights following through
their positions on the sphere.
Results. The bivariate J−function shows a statistically significant clustering effect in between filamentary spines and photometric
redshift galaxies. The quotient D confirms the previous result that smaller distances exist with higher probability between the photo-
metric galaxies and filaments. The trend of smaller distances between the objects grows stronger at higher redshift. Additionally, the
quotient D for photometric galaxies gives a rough estimate for the filamentary spine width of about 1 Mpc.
Conclusions. Photometric redshift galaxies are positively associated with filamentary spines detected from the spatial distribution of
spectroscopic galaxies. In addition to the spatial distribution of spectroscopic galaxies, the information embedded in the photometric
galaxies could contribute greatly to the detection of cosmic web structures.
Key words. Methods: statistical – galaxies: statistics – large-scale structure of Universe
1. Introduction
Galaxies and matter are not uniformly distributed in the Uni-
verse (Martinez & Saar 2001). The overall structure of the cos-
mic web is complex and consists of multiple elements that form
the overall picture (Jones 2017).
Large-scale galaxy surveys reveal that galaxies form struc-
tures: long string-like filamentary patterns, galaxy clusters,
sheets, and superclusters (Jõeveer et al. 1978; Bond et al. 1996).
Large-scale galaxy distribution maps are dominated by bridging
structures that are called filaments. These connect clusters and
border near-empty voids (Pimbblet et al. 2005). The evolution
of matter in the Universe depends on the environment it inhab-
its. Crone Odekon et al. (2018) studied the cold gas reservoirs
in galaxies with similar properties, but varying large-scale struc-
ture elements that they belonged to. The authors detected that the
cold gas deficiency of certain types of galaxies decreases with
distance from the filamentary spine, and most gas-rich galaxies
of certain parameters are located in tendrils within voids (see
also Kuutma et al. 2017). Studying the overall structure of the
cosmic web is necessary to understand the complicated mechan-
ics inside the web elements and the evolution of galaxies therein.
The formation of galaxies and the further evolution of mat-
ter in the Universe has been driven by cosmic fluctuations and
gravitational collapse (Sunyaev & Zeldovich 1970). In the Zel-
dovich pancake picture of the cosmic evolution, matter collapses
intrinsically along each axis. Firstly forming low-density sheet-
like elements, further collapse pushes the matter in long string-
like filamentary patterns, after which the matter collapses in each
direction and forms high-density clusters. Regional grids of fila-
ments also compile sheets in 2−dimensions.
Data that emerged from deep redshift surveys, such as the
Center for Astrophysics (CfA) redshift survey (Huchra et al.
1983) and The Queen Mary and Westfield College, Durham,
Oxford, and Toronto (QDOT) all-sky IRAS galaxy redshift sur-
vey (Lawrence et al. 1999) showed that the Universe can be de-
scribed as having a sponge-like structure. de Lapparent et al.
(1986) studied the data of 1099 galaxies from the CfA survey.
The analysis revealed almost empty bubbles (diameters between
25 − 50h−1Mpc) and elongated regions of galaxies bordering
them. The results challenged the then-accepted models for struc-
ture formation in the Universe. The analysis of Gott et al. (1986)
showed that low-density regions are connected by tunnels and
high-density regions are connected by bridges. The creation of
this sponge-like structure of the Universe can be explained by the
Gaussian random-phase initial conditions. Moore et al. (1992)
compared the QDOT survey topology with an artificial QDOT
survey (a corresponding N-body simulation using the standard
cold dark matter model) to analyse whether the observed distri-
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bution of galaxies is the result of the gravitational growth of the
initial Gaussian field of density fluctuations. On length scales
of 10 − 50h−1Mpc, the data topology corresponded well with
the distribution that evolved from the Gaussian field of density
fluctuations. Both maps showed that high-density regions are
joined by bridges and low-density regions have a sponge-like
interconnection. Vogeley et al. (1994) analysed the CfA survey
and clearly showed the Universe’s sponge-like topological na-
ture of high-density regions and empty areas. Galaxy redhshift
surveys that were orders of magnitudes larger were made pos-
sible in this century. Some of the best-known surveys are the
2dF Galaxy Redshift Survey (2dFGRS) (Colless et al. 2001) and
the Sloan Digital Sky Survey (SDSS) (York et al. 2000). Gott
et al. (2009) again revealed a sponge-like topology of the lumi-
nous red galaxies in the Sloan Digital Sky Survey 3−dimensional
map. This topology is expected from the Gaussian random-phase
initial conditions.
As the evolution of the large-scale structure is driven by den-
sity fluctuations, it is itself controlled by gravity (Peebles 1980).
Gravitational instability is responsible for the growing contrast
in the matter distribution in the Universe (Libeskind et al. 2018).
The complex structure and evolution of the web plays an impor-
tant role in understanding the elements residing in the structures
(Tempel et al. 2011; Beygu et al. 2017; Ganeshaiah Veena et al.
2018).
To study the galaxy distribution morphology in the large-
scale structure of the Universe, galaxies are often viewed as
points in 3-dimensional Euclidean space (Martinez & Saar
2001). The Cartesian coordinates of the galaxies are the point lo-
cations in space, and their other properties are viewed as marks.
Corollary for the observed data of galaxies in a survey region can
be viewed as a realisation of a marked point process in a compact
set. This opens a pathway to use spatial statistics to investigate
the distribution of these galaxies.
The mathematical framework of the bisous model (Tempel
et al. 2014a), developed to estimate filamentary patterns from
observed spectroscopic galaxy data, reveals an intrinsic network.
In this study we analyse whether these detected galaxy filaments
can also be seen by the SDSS photometric redshift galaxies
dataset compiled in Beck et al. (2016). Because the photomet-
ric redshift galaxy datasets will be more accurate and extend to
higher redshifts in the coming galaxy redshift surveys such as the
Javalambre Physics of the Accelerating Universe Astrophysical
Survey (J-PAS) (Benitez et al. 2014), the use of these galaxies
in cosmic web structure modelling becomes more prominent.
In this study we aim to show whether these additional galax-
ies carry information about the filamentary network and either
prove or refute the estimated parameter for filament thickness
reported in Tempel et al. (2014a). By applying summary statis-
tics to analyse the possible correlation between the investigated
sets of objects, it is possible to determine whether the photo-
metric redshift galaxies are positively associated with the fila-
mentary network of the cosmic web. Another aspect of interest
is whether these galaxies show a sign of being inside these fil-
amentary structures. By calculating physical distances from the
photometric galaxies to the filamentary network axes, we esti-
mate the filament thickness, where these galaxies reside, and we
can compare it with the radius obtained in Tempel et al. (2014a)
by the bisous model from the spectroscopic galaxies.
We wish to broaden the view for the algorithms that detect
the filamentary spine and show that photometric redshift galax-
ies together with spectroscopic galaxies can be used to detect the
filamentary pattern in the cosmic web of galaxies. The photomet-
ric redshift galaxy catalogues describe objects that are more dis-
tant and/or fainter than the spectroscopic galaxies datasets, thus
broadening the space to detect the cosmic web pattern. Photo-
metric galaxies would increase the number density of galaxies
per volume of space and thus benefit the filamentary pattern de-
tection process. If these galaxies are located inside or close to
the filamentary spines, this would mean that their contribution
to filamentary pattern modelling could be significant. The bisous
model extracts the filamentary pattern from observational galaxy
data. With the growth of the galaxy data, the filamentary pattern
recognition becomes more precise, and a more complete struc-
ture will be obtained.
The structure of the paper is as follows. In Sect. 2 we char-
acterise the datasets and their subsets. In Sect. 3 we describe
the mathematical frameworks we used to answer the questions
at hand. In Sect. 4 we present the results on the sphere and in
3−dimensional Euclidean space. In Sect. 5 the obtained results
are discussed and conclusions are drawn.
2. Data
The datasets we used in this work are the following: the Sloan
Digital Sky Survey (York et al. 2000) Data Release 12 of spec-
troscopic galaxies used to derive the filamentary web, the fil-
amentary pattern catalogue detected from the spatial distribu-
tion of the spectroscopic galaxies with the method described
in Tempel et al. (2014a), and a catalogue of photometric redshift
galaxies (Beck et al. 2016). This last catalogue holds informa-
tion about galaxies that were not used to detect the filamentary
web. The interest is to see whether these photometric galaxies
possess information about the filamentary network that is de-
tected from the spatial distribution of spectroscopic galaxies.
Catalogues describing galaxies and defined filamentary struc-
tures of the cosmic web are well defined either in the sphere or
in the 3−dimensional Euclidean space. The analysis is therefore
done both in a region of a sphere S2 and in the 3−dimensional
Euclidean space R3.
Figure 1 describes the datasets of filamentary spines, spec-
troscopic galaxies, and the photometric galaxies on the sphere.
The objects are drawn using their longitude λ (deg) and latitude η
(deg) to produce this plot. The grey background 2−dimensional
density was created by smoothing the photometric galaxies dis-
tribution with a kernel. The darker grey color denotes the higher
density of photometric galaxies in that region. Figure 1 illustrates
that the higher density regions of photometric galaxies coincide
quite well with the higher number of detected filamentary spines
and spectroscopic galaxies. As expected, the filamentary spines
(orange lines) tend to follow the distribution of the spectroscopic
galaxies (red dots).
This section continues to describe the analysed datasets,
mappings, and catalogue subsamples. The first subsection gives
an overview of the dataset of spectroscopic galaxies. The sec-
ond subsection describes the filamentary structure data. The
third subsection introduces the photometric redshift galaxy
data. Lastly, we characterise the subsamples taken from all the
datasets of interest.
2.1. Spectroscopic galaxy data
The spectroscopic galaxy dataset used in this paper was obtained
from CosmoDB1, which is a cosmology-related catalogue col-
lection. The galaxies are taken from the main contiguous area
1 Catalogue collection compiled and published by researchers at the
Tartu University Tartu Observatory; www.cosmodb.to.ee
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Fig. 1. Visualisation of the datasets in spherical sky-coordinates: kernel-
smoothed 2-dimensional density from the distribution of photometric
galaxies on the viewed region of the sphere (grey background den-
sity), filamentary spines (orange spines), and spectroscopic galaxies
(red dots). Darker grey denotes a higher density of photometric galaxies.
All the drawn objects are located in the distance range of 400−600 Mpc.
of the SDSS (7966 sq deg) with the redshift limit of z = 0.2
and r-magnitude limit of 17.77. In this catalogue, the Finger-of-
God effect of galaxy groups or clusters is suppressed with the
friends-of-friends (FoF) algorithm; see Tempel et al. (2017) for
a detailed description. A brief description is given in the follow-
ing.
Large fractions of galaxies tend to reside in galaxy groups.
The peculiar velocities of galaxies residing in these groups or
clusters elongates the compact structures along the line of sight
in redshift space, which seemingly distorts the galaxy distribu-
tion. This effect was first described by Jackson (1972) and was
later introduced by Tully & Fisher (1978) as the Finger-of-God
effect. The detection of groups from the large-scale data and the
suppression of the distorted structures is of great importance be-
cause it influences the overall distribution of galaxies and their
allocation to different types of environments. The Finger-of-God
effect is eliminated for the galaxies forming groups in the SDSS
spectroscopic galaxies dataset by the FoF algorithm, which was
first described for a cosmological context by Turner & Gott
(1976). A catalogue of groups detected from the SDSS spectro-
scopic galaxy data by the FoF algorithm is described in Tempel
et al. (2012). These galaxy groups are detected from the distribu-
tion of galaxies that are bound into groups using the algorithm
with a certain linking length. Tempel et al. (2014b) described
the linking length thoroughly. In brief, it can be described as
the maximum distance from an observed galaxy to determine its
neighbours in the galaxy group-finding algorithm.
The dataset describes 584 449 spectroscopic redshift galax-
ies. These galaxies describe a 3−dimensional spatial point pat-
tern from which the filamentary structure was detected by the
method described in Tempel et al. (2014a), see Sect. 2.2. The
spectroscopic redshift galaxies are further viewed as a set of
points Xspec, which are described in the 3−dimensional Eu-
clidean space by their Cartesian coordinates (x, y, z). Each galaxy
is also attributed spherical coordinates of latitude η and longitude
λ from the catalogue. An estimate for the spectroscopic galaxy
distance from the observer is obtained from the catalogue. Sam-
pling of the spectroscopic galaxies according to their distance
from the observer was done and is further discussed in Sect. 2.4.
2.2. Filamentary structure data
The catalogue of the filamentary network was obtained from the
spatial distribution of spectroscopic redshift galaxies (Sect. 2.1).
The filaments were detected by applying a marked point process
to the galaxy field (Tempel et al. 2014a). The description of this
process, the bisous model, and more general references related
to the theory of marked point processes, can be found in Stoica
et al. (2010) and Tempel et al. (2014a, 2016).
The bisous model estimates the filaments of the cosmic web
by a random configuration of connected and aligned cylinders.
This configuration is obtained through maximising a probability
density that governs the position and interaction of these cylin-
ders. The maximisation is done through the simulated annealing
algorithm. The stochastic nature of the optimisation procedure
enables this method with several outputs:
• configuration of aligned and connected cylinders;
• visit map field: assigns to each point of the observed domain
the probability to be "touched" by the filamentary network;
• spines: ridge lines of the highest values within the visit map
field.
We used a set of 46 403 spines. The set of spines forms a
random set (see Sect. 3) of objects Yfil in the 3−dimensional Eu-
clidean space. A point in R3 was mapped to the spherical coor-
dinates latitude η and longitude λ using
η = 2 arctan
 y√
x2 + y2
− x
,
λ = arcsin
 z√
(x2 + y2 + z2)
. (1)
The mean orientation towards the line of sight of a spine Y is
defined as
cos(α¯(Y)) =
1
l(Y)
∫
Y
ωy · O¯ydy, (2)
withωy the orientation vector of the filamentary network in point
y of the spine Y and O¯y the line-of-sight vector at point y. Value
α¯(Y) represents the average angle that the spine Y has corre-
sponding to the line of sight. The mean distance from the spine
Y to the observer O is defined as
d¯(O,Y) =
1
l(Y)
∫
Y
d(O, y)dy, (3)
while the integral is computed along the considered spine, l(Y) is
the associated spine length, and d(O, y) is the distance from the
observer O to point y of the spine Y .
2.3. Photometric galaxy data
The SDSS Data Release 12 offers catalogues of photometric red-
shift galaxies. The dataset used in this analysis and the method
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used to estimate the photometric redshifts of the galaxies are pre-
sented in Beck et al. (2016). Briefly, the photometric redshift
and its error were estimated with an empirical method called lo-
cal linear regression. A detailed description of the properties and
a description of the photometric redshift derivation is given in
Beck et al. (2016).
For the current analysis, we chose photometric redshift
galaxies in the same sky region as the filamentary structure at the
maximum redshift zphoto = 0.25 , with the photometric redshift
error estimate δzphoto ≤ 0.05. The dataset of photometric galaxies
was limited in this manner to obtain the set of galaxies with the
best redshift estimates, to have a reasonable number of galaxies
in the analysed set, and so that the redshift limit coincided with
the limit of the other dataset redshifts. The final dataset contained
2 893 018 galaxies. Their locations are defined on the sphere by
their radian latitude η and longitude λ. These photometric galax-
ies are viewed as a configuration of points Xphoto in a sphere S2.
The error estimates for the photometric redshifts of the
galaxies δzphoto reach up to 0.05. This makes the use of the red-
shifts in describing the galaxy location rather uncertain. This
results in the absence of an accurate 3−dimensional coordinate
system for the galaxy positions. These quite uncertain photomet-
ric redshift distance estimates were not used to calculate the dis-
tances between the observed sets. The photometric galaxy red-
shift estimates were used to sample the data into subsequent dis-
tance ranges, however, which we discuss in Sect. 2.4.
2.4. Subsamples
To test possible systematic effects of differently oriented fila-
mentary spines, the spines were sampled dependent on their an-
gle α¯ corresponding to the line of sight. The tested systemat-
ics are described below. To determine whether the photomet-
ric redshifts are of use and might carry information about the
filamentary spine locations, the photometric galaxies were dis-
tributed into distance slices dependent on their redshift. To sam-
ple the spectroscopic galaxies, photometric galaxies, and fila-
mentary data dependent on their distance, we used the estimated
distances to the galaxies from the observer.
Figure 2 presents the density distribution of the distances
from the observer of photometric redshift galaxies compared to
the density distribution of spectroscopic redshift galaxies and fil-
amentary spine distances from the observer. It shows the differ-
ence in the number of objects in the observed sets on the distance
scale. There are about 4.5 times more observed galaxies in the
photometric galaxy dataset than in the spectroscopic galaxy sam-
ple. Photometric galaxies complement the sample mostly farther
away, where the spectroscopic sample is more incomplete. They
might add much information to the galaxy point data by filling
in the possible gaps in the cosmic web network and creating a
more precise vision of the large-scale structure.
Figure 2 shows that spectroscopic galaxies and filamen-
tary spines cover the same area on the distance scales roughly
equally. This is highly expected because the filamentary spines
are detected from the spatial distribution of these spectroscopic
galaxies. An overwhelming abundance of photometric galaxies
at greater distances from the observer is contrary to the case of
spectroscopic galaxies. Because only a few spectroscopic galax-
ies are observed at greater distances, the filamentary spine finder
starts to fail beginning at a distance of 600 Mpc. The abundance
of photometric galaxies greater distances might remedy this ef-
fect, although in the currently available catalogues of photomet-
ric galaxies, the distances are only roughly known, which makes
the use of them in galaxy pattern detection from observational
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Fig. 2. Density distribution of the spectroscopic redshift galaxies Xspec
(red line), all filamentary spines Yfilall (orange line), and photometric
redshift galaxies Xphoto (green line) distances from the observer of all
corresponding objects in the described datasets. The distance distribu-
tion is normalised individually for each dataset. See Table 1 for the ac-
tual number of objects. The dashed light blue lines denote the 200 to
800 Mpc distance range used here.
data more complex. This effect will be very weak in the upcom-
ing photometric redshift galaxy surveys such as the J-PAS (Ben-
itez et al. 2014), where photometric redshifts of galaxies up to
redshift 1 will be known with unprecedented accuracy. This pro-
vides even more motivation to use galaxy photometric redshift
data in future cosmic web modelling.
Figure 2 also exhibits the low density of photometric red-
shift galaxies below 200 Mpc and the low density of filamen-
tary spines above the 800 Mpc threshold. We therefore limit for
the entire analysis all of the datasets to between 200 Mpc and
800 Mpc. This distance range is highlighted in the figure with
light blue dashed lines. The spines were filtered using their aver-
age distance of the filamentary spine axis (Eq. 3), and the spec-
troscopic galaxies were filtered by their distance estimates in the
catalogue. To filter the photometric galaxies into observed sam-
ples, their photometric redshift distance estimates from the cat-
alogue were used. The number of objects in each of the datasets
fulfilling these conditions is given in Table 1.
Fig. 2 also shows the distribution of average distances of the
filamentary spine axes in 200 Mpc wide distance slices in the
range of 200 to 800 Mpc. The innermost range of 400−600 Mpc
is most uniformly distributed for all subsets. Different distance
ranges are not equally well described by filamentary data or the
galaxy datasets. Figure 2 clearly shows that when the number
of spectroscopic galaxies decreases, the number of photometric
galaxies increases. The catalogue of filamentary spines and the
dataset of photometric galaxies was divided into subsequent dis-
tance ranges from the observer. This was done to analyse the
following three aspects: Are the results affected by the evolution
of the number of galaxies in the sets over the distance scale?
How much extra information do the photometric redshifts hold
about the locations of the filamentary spines? What is the origin
of the possible signal? In this way, we analysed the filamentary
spine catalogue and the photometric redshift galaxy catalogue in
200 Mpc wide distance ranges from 200 Mpc until 800 Mpc. The
width of 200 Mpc was chosen because the number of filamentary
spines, spectroscopic galaxies, and photometric galaxies is suffi-
ciently high in these ranges. The number of objects and notation
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Fig. 3. Smoothed density distribution of the cosine of the mean ori-
entation of spines cos(α¯(Y)) of the filamentary spines whose average
distance is in the range from 200 Mpc to 800 Mpc. The dashed black
line denotes the q0.25 quantile of the density distribution, which is used
to select subsamples of filaments that are perpendicular to the line of
sight.
of the sets in the subsequent 200 Mpc wide distance ranges is
given in Table 1.
The possible correlation was calculated between photometric
galaxies and filamentary spines in the sphere S2. For this, the set
of points defining the filamentary spine axis was mapped to the
sphere. This distorts the filamentary spine objects, which are not
perpendicular to the line of sight. The distortion is partly elimi-
nated when we sample the filaments to be fairly perpendicular to
the line of sight. In addition, this created an opportunity to deter-
mine whether the orientation of the axis affects the clustering or
alters the physical distances between the observed sets. This ef-
fect might occur because the compression of the Finger-of-God
effect with the FoF algorithm might compress filamentary spines
along the line of sight.
To investigate whether any such systematic effects might
arise from the different orientations of the filamentary spines,
the filamentary spine data were sampled according to the angle α¯
(Eq. 2). Figure 3 represents the smoothed density distribution of
the cosine of the average angle cos(α¯) of the studied filamentary
spines Yfil. The value cos(α¯) = 0 represents the instance when
the filamentary spine is at the angle of 90◦ with the line of sight,
which means that they are perpendicular. To subset all of the fil-
amentary spines into those perpendicular and not perpendicular
to the line of sight, we used the α−quantiles. The 0.25−quantile
was chosen for this, and with respect to the dataset we used, it
roughly results in the fact that all filaments whose average angle
α¯ is in the angle range of 78.22◦ to 90◦ were viewed as per-
pendicular. The curve in Fig. 3 shows fewer filamentary spines
parallel (α¯ = 0◦) to the line of sight than are completely perpen-
dicular (α¯ = 90◦).
Table 1 contains all the subsamples taken from the datasets
in the previously described fashion. It consists of the subsample
name, notation, numbers, and the set conditions for sampling.
3. Mathematical framework
The data used in this paper are particularly adequate for be-
ing analysed with spatial statistics tools (Martinez & Saar 2001;
Baddeley et al. 2015). Three datasets were investigated: spectro-
scopic galaxies, photometric galaxies, and filamentary spines. It
is the classical assumption to consider the first two sets as point-
processes realisations. Because of its complexity, the third set is
assumed to be the realisation of a random set. This is a more
general stochastic process than point processes. From a more
intuitive perspective, point processes consider random configu-
rations of points, while random sets are used for random config-
urations of geometrical objects. Any point process is a random
set, while the reverse does not always hold. For a thorough pre-
sentation of both these mathematical objects, we refer to Chiu
et al. (2013) and the references therein.
This section starts with a brief presentation of point pro-
cesses, and it recalls the definition of the Poisson point process,
which is maybe the most important point process because of
its remarkable properties. Next, the section presents summary
statistics that allow characterising an observed random set with
respect to the related Poisson process (Baddeley et al. 2015).
Furthermore, the summary statistics may be used to asses a
type of association when it is applied to a pattern of different
types (Foxall & Baddeley 2002; Kleinschroth et al. 2016). Fi-
nally, the section ends by presenting some estimation techniques
and computational aspects.
3.1. Point processes
Point processes are probabilistic models allowing the study of a
random configuration of points in an observation window. These
tools have been successfully used for the statistical analysis of
astronomical datasets for more than half a century (Martinez &
Saar 2001). Rigourous and detailed mathematical presentations
may be found in the monographs of van Lieshout (2000), Møller
& Waagepetersen (2004), Illian et al. (2008), Chiu et al. (2013),
and Baddeley et al. (2015). The current presentation follows Sto-
ica (2010) and Baddeley et al. (2007).
Let W ⊂ R3 be a compact set, the observed finite region
of the Universe. Let ν be the Lebesgue measure in R3 and
(W,BW , ν) the natural restriction to W of (R3,B, ν), with B being
the associate Borelσ−algebra. Wn is the set of all unordered con-
figurations w = {w1,w2, ...,wn}, which consist of n not necessar-
ily distinct points wi ∈ W, for n ∈ N. We consider the configura-
tion space given by ΩW =
⋃∞
0 Wn equipped with the σ− algebraFW generated by the mappings {w1, ...,wn} → ∑ni=1 1{wi ∈ B}
that count the number of Borel sets B ∈ BW . A point process
on W is a measurable map from a probability space (ΩW ,FW ).
In other words, a point process is a random configuration of the
points lying in W.
The Poisson point process in W is built as follows. First, let
β : W →]0,+∞[ be the intensity function. Then, a Poisson pro-
cess is defined by the following two properties:
i) for any bounded set B, N(B), the number of points in B is a
Poisson random variable with mean Λ(B) =
∫
B β(x)dν(x),
ii) for any B1, ..., Bm disjoint bounded sets, then point counts
N(B1), ...,N(Bm) are independent random variables.
If the Poisson point process has a constant intensity β = const,
then the process is said to be stationary or homogeneous.
3.2. Summary statistics
An exploratory analysis of observed point patterns is typically
performed using summary statistics (Møller & Waagepetersen
2004; van Lieshout 2000). For a stationary point process X of in-
tensity β > 0, some of the most frequently used summary statis-
tics are
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Table 1. Sampling the catalogue of filamentary spines and the two galaxy datasets. Sampling is conditioned on datasets in the distance range of
200 − 800 Mpc. The notation N represents the counting measure, the distance is the object distance from the observer, and α¯ is the average angle
of the filamentary spine corresponding to the lines of sight (Eq. (2)). Perpendicular filaments and non-perpendicular filaments are the spines that
are or are not perpendicular towards the line of sight, respectively.
Subsample Distance
(Mpc)
α¯ (deg) N Sample
notation
non-perpendicular filaments 200 − 800 0◦ ≤ α < 78.22◦ 30 639 filnotperp
perpendicular filaments 200 − 800 78.22◦ ≤ α ≤ 90◦ 8 063 filperp
filaments 200 − 800 all α 38 702 filall
filaments 200 − 400 all α 20 367 fil200−400
filaments 400 − 600 all α 14 598 fil400−600
filaments 600 − 800 all α 3 737 fil600−800
spectroscopic galaxies 200 − 800 - 497 611 specall
spectroscopic galaxies inside filaments 200 − 800 all α 139 051 specfilall
spectroscopic galaxies inside perpendicular filaments 200 − 800 78.22◦ ≤ α ≤ 90◦ 28 486 specfilperp
spectroscopic galaxies inside non-perpendicular fila-
ments
200 − 800 0◦ ≤ α < 78.22◦ 110 565 specfilnotperp
photometric galaxies 200 − 800 - 2 198 702 photoall
masked photometric galaxiesa 200 − 800 - 570 083 photomask
photometric galaxies 200 − 400 - 236 850 photo200−400
photometric galaxies 400 − 600 - 802 970 photo400−600
photometric galaxies 600 − 800 - 1 158 882 photo600−800
Notes. (a) Masked-out photometric galaxies in the observed region of the sphere dependent on the locations of spectroscopic galaxies. A detailed
description is given in Sect. 4.1.
– the nearest-neighbour distance distribution function
G(r) = P!o(N(b(o, r) > 0)), (4)
with P!o the reduced Palm distribution and N(b(o, r)) the
number of points in a ball of radius r centred at the origin
o. The origin o is a point of the considered stationary pro-
cess that is not counted,
– the empty space function
F(r) = P(X ∩ b(o, r) , ∅), (5)
with P the distribution of X,
– the J function that compares nearest-neighbour distances to
empty distances,
J(r) =
1 −G(r)
1 − F(r) , (6)
for all r > 0 such that F(r) < 1.
These summary statistics have exact formulas for the stationary
Poisson point process with intensity β :
F(r) = 1 − exp[−βpir2],
G(r) = F(r),
J(r) = 1. (7)
For a given point pattern, the estimators of these statistics
give indications about how far from the Poisson point process
the considered pattern is. For the G statistics, a lower value of
the observed summary than the theoretical Poisson statistics sug-
gest regularity or repulsion for the pattern, while the higher value
suggests clustering. For the F and J statistics, it is the other way
around: higher observed values than the theoretical Poisson in-
dicate repulsion, while the lower values recommend clustering.
To give more reliable answers to this type of questions, an en-
velope test can be made. This test simulates a Poisson point pro-
cess with intensity estimated from the observed pattern, and for
each simulated pattern, the summary statistics are computed. At
the end of the simulation, Monte Carlo confidence envelopes are
created. This means that if the observed summary statistics be-
longs to the envelope, the null hypothesis that the observed point
pattern is the realisation of a Poisson process is not rejected,
hence the point pattern exhibits a completely random structure.
For a thorough presentation of the point-process summary statis-
tics and of the envelope tests based on them, we recommend van
Lieshout (2000), Møller & Waagepetersen (2004), Illian et al.
(2008) and Myllymäki et al. (2017) and the references therein.
Mathematical developments allow extending these functions
to more general patterns (van Lieshout & Baddeley 1996, 1999;
Foxall & Baddeley 2002; Chiu et al. 2013; van Lieshout 2016).
In the following, we introduce the bivariate J function.
We consider X a point process and Y a random set, and we as-
sume that (X,Y) is jointly stationary (Foxall & Baddeley 2002).
This means that the distributions of the bivariate process (X,Y)
and of the bivariate process (X + e,Y + e) are identical for any
transition vector e ∈ R3.
The definition of the empty space function in Eq. (5) can be
extended to random sets Y in a straightforward way by replac-
ing X with Y in the formula. The nearest-neighbour function (4)
becomes GX,Y , the distribution function of the distance from a
typical point of the point process X to the nearest objects of the
random set Y:
GX,Y (r) = P!o(b(o, r) ∩ Y , ∅), (8)
where P!o represents the reduced Palm distribution at an arbitrary
point o of the point process X.
Similarly to Eq. (6), the bivariate J−function is given by
JX,Y (r) =
1 −GX,Y (r)
1 − FY (r) (9)
for all r ≥ 0 such that FY (r) < 1.
The JX,Y−function can be interpreted as a measure of associ-
ation between X and Y (Foxall & Baddeley 2002). If X and Y are
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independent, then GX,Y = FY and JX,Y = 1. Values of JX,Y close
to 1 therefore suggest independence, values higher than 1 sug-
gest negative association or “repulsion”, and values lower than 1
suggest positive association or “clustering”.
3.3. Estimation
The previous summary statistics should be estimated from a
pattern that is observed in a bounded window only. This in-
troduces edge effects. Several strategies are available to over-
come this problem (Baddeley et al. 2015). Here, we adopted
the border-corrected estimation as in van Lieshout & Baddeley
(1996) and Foxall & Baddeley (2002).
We consider the shortest distances from a point w ∈ W to a
subset A ⊂ W,
d(w, A) = infa∈A‖w − a‖.
The border-corrected estimator for the empty space function is
F̂Y (r) =
∑
i 1{d(wi,Wc) ≥ r}1{d(wi,Y) ≤ r}∑
i 1{d(wi,Wc) ≥ r} , (10)
with Wc the border of W and {wi, i = 1, 2, . . .} a finite family of
arbitrary points in W. The most common choice for the set of
arbitrary points is a regular grid.
The estimator of the nearest-neighbour distribution from any
point in X to the random set Y is
ĜX,Y (r) =
∑
i 1{d(xi,Wc) ≥ r}1{d(xi,Y) ≤ r}∑
i 1{d(xi,Wc) ≥ r} , (11)
where {xi, i = 1, . . .} is the observed finite-point configuration of
X.
The bivariate J function is obtained by plugging in Eqs. (10)
and (11) in Eq. (9):
ĴX,Y (r) =
1 − ĜX,Y (r)
1 − F̂Y (r)
. (12)
This estimator is consistent and asymptotically normal, while W
increases and r is fixed. An approximation of its variance is given
in Foxall & Baddeley (2002).
3.4. Analysis in 3-dimensional Euclidean space
The redshift estimate for photometric galaxies is only roughly
known in the observed catalogue (Beck et al. 2016). To estimate
distances in 3−dimensional space between photometric galax-
ies and the filamentary spines, the location of the photometric
galaxy is described by a line of sight. This means that the galaxy
may be located at any point along the line following through its
position on the sphere. We also represented the galaxy position
with a line of sight following through its spherical position for
spectroscopic galaxies. Figure 4 draws a representative graph of
the spectroscopic galaxy lines of sight, the photometric galaxy
lines of sight, and filamentary spines in the selected region.
To obtain a descriptive representation for the distances
between filamentary spines and galaxy lines of sight in
3−dimensional space, we proceeded as follows. The smallest
distance from a filamentary spine to a line of sight of a galaxy
was calculated and was noted by d(Yfil, Xgall.o.s ). This distance was
calculated between a filamentary spine and a line of sight going
through the spherical position of every galaxy in a viewed sam-
ple. The set of these distances was calculated for every spine.
Then the distribution of the derived distances from all the viewed
filamentary spines was smoothed by a constant kernel size and
normalised with the count of these computed distances. The ker-
nel size was chosen to be 0.05 Mpc for all the cases. Different
kernel sizes were tested for smoothing (0.2 Mpc and 0.01 Mpc).
The results remained independent of the smoothing width. We
note this quantity with the form
N˜[d(Yfil, Xgall.o.s )]. (13)
For a reference case, random points were generated on the
viewed region of a sphere. They are described as 3−dimensional
lines of sight following through these spherical coordinates. The
number and spherical region of the generated randomly dis-
tributed points are equal to the set of galaxy data in each re-
spective view. Then the smallest distances from a filamentary
spine in the corresponding region to a randomly distributed line
of sight was calculated. The distance is noted by d(Yfil, Xr.p.l.o.s ).
These distances were calculated for every spine. The smooth-
ing and normalization were made in the same fashion as for the
previous case. This quantity is presented by the form
N˜[d(Yfil, Xr.p.l.o.s )]. (14)
Subsequently, the kernel-smoothed normalised distribution of
distances from the filamentary spines to the set of galaxy lines
of sight was divided by the kernel-smoothed normalised distribu-
tion of distances from the filamentary spines to the set of random
lines of sight. The kernel width in both cases is the same.
We denote with D(Yfil, Xgall.o.s ) the calculated quotient
D(Yfil, Xgall.o.s ) =
N˜[d(Yfil, Xgall.o.s )]
N˜[d(Yfil, Xr.p.l.o.s )]
. (15)
The quotient of smoothed normalised distributions D(Yfil, Xgall.o.s )
can be interpreted subsequently. The statistically significant val-
ues D(Yfil, Xgall.o.s ) > 1 mean that the smallest distances from
a galaxy line of sight to every filamentary spine are more fre-
quently distributed at this distance window than in case of ran-
domly distributed lines of sight. This indicates a preferred dis-
tance for the galaxy lines of sight and filamentary spines in
3−dimensional space. Values of D(Xfil,Ygall.o.s ) around 1 indicate
no significant divergence from the distribution of random line-
of-sight distances to the filamentary spine set.
4. Application of the summary statistics
This section introduces the results obtained by the analysis tools
described in Sects. 3.3 and 3.4. Firstly, the results were obtained
by the bivariate J−function for mapped datasets in a region of
a sphere, followed with the results obtained by the derived quo-
tient D in 3−dimensional Euclidean space.
4.1. Associations between filamentary spines and
photometric galaxies in a region of a sphere
In this subsection we present the results obtained with the bi-
variate J−function on a sphere S2. For this we calculated the
distances between the investigated sets on the sphere S2, which
measures the central angle between points on the sphere. The
calculated distance between two points u, v on S2 with latitudes
ηu, ηv and longitudes λu, λv is the great-circle arc distance from
u to v, which is of the form
∆(u, v) = arccos(sin(λu) · sin(λv) +
+ cos(λu) · cos(λv) · cos(ηv − ηu)). (16)
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Fig. 4. Visualisation of the datasets in 3−dimensional Cartesian coordinates: photometric galaxies described as lines of sight (green lines), per-
pendicular filamentary spines (darkblue spines), non-perpendicular filamentary spines (orange spines), and spectroscopic galaxy lines of sight (red
lines). All the drawn objects are located in the distance range of 200 − 600 Mpc, and on the sphere, they are located at a maximum distance of
8 degrees from a randomly chosen filamentary spine of the filament catalogue. The photometric galaxy lines of sight are randomly chosen to be
0.25% and the spectroscopic galaxy lines of sight are a randomly chosen to be 0.5% of those in the selected region.
We used the mapped filamentary spines in a sphere, whose aver-
age distance of the filamentary spine axis is at the distance range
of 200−800 Mpc. The sets of spectroscopic redshift galaxies and
photometric redshift galaxies were limited in the same distance
range. In Sect. 2.4 we discussed that the orientation of the fila-
mentary spine might affect the clustering effect. To test whether
there might be a systematic effect from differently oriented fil-
amentary spines, the bivariate J− function was calculated for
all filaments, perpendicular filaments and non-perpendicular fil-
aments. All subsets taken from the datasets are described in
Sect. 2.4, and their details are listed in Table 1.
Figure 5 draws bivariate J−functions for photometric galax-
ies and all filamentary spines in the viewed region and the bi-
variate J−function for the same photometric galaxies and two
subsets of the spines, defined as perpendicular to the line of
sight and defined as non-perpendicular to the line of sight. In
Fig. 5 the decreasing J(r)Xphotoall ,Yfilall values below the theoretical
reference case represent a positive association between the pho-
tometric galaxies and all filamentary spines. The same is shown
by the lines of J(r)Xphoto,Xfilperp and J(r)Xphoto,Xfilnotperp . This indicates
that the photomeric galaxies are positively associated with fil-
aments with different orientations cos(α¯(Y)). The clustering ef-
fect is stronger for all filamentary spines than for perpendicular
filaments or non-perpendicular filaments. This is shown by the
sharper drop in the J−function values for all filamentary spines
J(r)Xphotoall ,Yfilall .
In Fig. 5 the orange line draws the J−function for photomet-
ric galaxies and filamentary spines that are not perpendicular to
the line of sight. The sharper drop in the J−function values for
every r compared with perpendicular filamentary spines (blue
line) denotes a stronger positive association between photomet-
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Fig. 5. Results of the bivariate J−functions J(r)Xphotoall ,Yfilall (green),
J(r)Xphotoall ,Xfilperp (blue), and J(r)Xphotoall ,Xfilnotperp (orange) in comparison
with the theoretical reference case representing independence between
the studied sets (black dashed line). The radian distance of 0.002 cor-
responds to 0.4 Mpc at the distance of 200 Mpc and 1.6 Mpc at the
distance of 800 Mpc.
ric galaxies and non-perpendicular filamentary spines. The clus-
tering is not as strong as for all filamentary spines, however. All
of the drawn bivariate J− functions in Fig. 5 indicate a posi-
tive association between photometric galaxies and filamentary
spines, independent of their orientation towards the line of sight.
Galaxies tend to reside in groups. Thus the photometric
galaxies residing in the groups of the observed spectroscopic
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galaxies might contribute to a stronger clustering trend between
photometric galaxies and filamentary spines because the spine
network is detected using a marked point process on the spatial
distribution of these spectroscopic galaxies. In the following this
problem is addressed in two different ways.
We analysed whether the possible clustering between pho-
tometric redshift galaxies and filamentary spines shown by the
summary statistics might simply come from the clustering effect
between photometric redshift galaxies and spectroscopic redshift
galaxies inside these filaments. We considered a subset of Xspec
galaxies, which reside at a certain fixed radius from the filamen-
tary spine they belong to. In the current analysis we fixed it at
0.5 Mpc, at which a spectroscopic galaxy can be located from
its filamentary spine to be named as a galaxy inside the struc-
ture. The value of 0.5 Mpc was chosen based on the method of
filamentary spine detection described in Tempel et al. (2014a)
because the radius of the filamentary object was set approxi-
mately to the value of 0.5 Mpc. All of the subsets of spectro-
scopic redshift galaxies inside filaments are within the distance
range of 200 − 800 Mpc and are located at the maximum dis-
tance of 0.5 Mpc from the filamentary spine axis that the galaxy
belongs to. Three sets of these spectroscopic galaxies inside fil-
amentary spines were created: spectroscopic galaxies inside all
of the filaments Xspecfilall , spectroscopic galaxies inside perpen-
dicular filaments Xspecfilperp , and spectroscopic galaxies inside
non-perpendicular filaments Xspecfilnotperp . The J−functions in be-
tween the set of photometric galaxies Xphotoall and the spectro-
scopic galaxies subsets described above were calculated and are
drawn in Fig. 6. More details about the created subsets of spec-
troscopic galaxies Xspecfilall , Xspecfilperp , and Xspecfilnotperp are listed in
Table 1.
To completely eliminate the effect of the spectroscopic
galaxies on the clustering signal between photometric galaxies
and filamentary spines, we proceeded as follows. The photo-
metric galaxies were masked out in the observed region of the
sphere S2 dependent on the locations of spectroscopic galax-
ies. This means that we cut “holes” in the sphere around the
position of every spectroscopic galaxy. The radius of each cut
circle was equal to 0.5 Mpc at the distance of the correspond-
ing spectroscopic galaxy (projected distance on the sky sphere).
This resulted in differently sized circular holes in the sphere.
For spectroscopic galaxies in the vicinity of the observer (at
200 Mpc), the 0.5 Mpc radius region is roughly 0.0025 radians
on the sphere, and for the most distant spectroscopic galaxies
(800 Mpc) the same radius is roughly 0.000625 radians on the
sphere. Thus photometric galaxies are masked out from the ob-
served region of the sphere dependent on the area around each
spectroscopic galaxy in the corresponding view. These masked-
out photometric galaxies are noted as Xphotomask . The J−function
between the Xphotomask and Yfilall was calculated and the result is
shown in the upper panel of Fig. 6. More details about the sub-
sets of photometric galaxies Xphotomask we created are listed in
Table 1.
The upper panel of Figure 6 shows the bivariate J−function
for all photometric redshift galaxies Xphotoall and all filamentary
spines Yfilall and the bivariate J−function for photometric red-
shift galaxies Xphotoall and spectroscopic redshift galaxies inside
the same filaments Xspecfilall . The J−function J(r)Xphotoall ,Yfilall drops
more rapidly and stays below that of J(r)Xphoto,Xspecfilall for every
r. This indicates a stronger clustering effect between filamen-
tary spines and photometric galaxies. This result verifies that the
clustering effect between photometric galaxies and filaments is
truly between the filamentary spines. We also tried different lim-
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Fig. 6. Upper panel: Result of the bivariate J−functions J(r)Xphotoall ,Yfilall
(continuous green line), J(r)Xphoto ,Xspecfilall (dashed green line), and
J(r)Xphotomask ,Yfilall (dotted green line) in comparison with the theoreti-
cal reference case representing independence between the studied sets
(black dashed line). Lower panel: Result of the bivariate J−functions
J(r)Xphotoall ,Yfilperp (blue), J(r)Xphoto ,Xspecfilperp (dashed blue), J(r)Xphoto ,Xfilnotperp
(orange), and J(r)Xphoto ,Xspecfilnotperp (dashed orange) in comparison with
the theoretical reference case representing independence between the
studied sets (black dashed line).
iting radii (0.25 and 1 Mpc), but the overall result remained un-
changed.
To remove the possible doubt that the positive associa-
tion between photometric galaxies and perpendicular filamen-
tary spines might be caused by the photometric redshift galaxies
clustering around the spectroscopic redhsift galaxies inside these
perpendicular filaments, we drew the J−function for Xphotoperp
and Xspecfilperp . In the lower panel of Fig. 6 the J(r)Xphotoall ,Yfilperp
drops more rapidly than J(r)Xphoto,Xspecfilperp , exhibiting a stronger
positive association between the photometric galaxies and per-
pendicular filamentary spines than in case of photometric galax-
ies and spectroscopic galaxies inside these filaments. This veri-
fies that the photometric galaxies are positively associated with
the filamentary spines and not with the spectroscopic galax-
ies inside these filaments. The same is shown by comparing
J(r)Xphotoall ,Yfilnotperp with J(r)Xphotoall ,Yspecfilnotperp . This confirms that pho-
tometric galaxies are more strongly positively associated with
non-perpendicular filamentary spines than with the spectro-
scopic galaxies inhabiting them.
The green dotted line in Fig. 6 draws the J−function for
masked-out photometric galaxies, as was described previously,
and all filamentary spines in the corresponding region. The pos-
sible cause for the subtle rise in the J−function J(r)Xphotomask ,Yfilall
values for radians roughly smaller than 0.002 might be the effect
of cutting out 0.5 Mpc regions around spectroscopic galaxies in
their distance to the observer. The photometric galaxy and spec-
troscopic galaxy clustering radius on the sphere is dependent on
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the distance of the galaxies. The randomly distributed or arbi-
trary point locations are independent of the spectroscopic galax-
ies in the observed region of the sphere and the galaxy distance
from the observer. The J−function shows repulsion between the
point process of photometric galaxies and the random set of ob-
jects (filamentary spines) for small radian distances. From the
great-circle arc distance of 0.002 radians, the J−function de-
notes a clear clustering effect between the masked-out photo-
metric galaxies and all filamentary spines on the sphere. This
indicates that once the radian distance on the sphere exceeds
the 0.5 Mpc distance for all distances of spectroscopic galax-
ies, the J−function values start a steady decline below the value
of 1. Thus after completely eliminating the photometric galax-
ies that are clustered around spectroscopic galaxies, the rest of
the photometric galaxies still show a statistical clustering trend
between the filamentary spines and these masked-out photomet-
ric galaxies. This indicates that groups of galaxies, consisting of
spectroscopic and photometric galaxies, contribute most of the
clustering trend at small distances to the filamentary spines.
4.2. Studying the distances between filamentary spines and
photometric galaxies in 3-dimensional Euclidean space
In the previous section 4.1 we mapped data from 3−dimensional
space to a region of a sphere. The results showed us a pos-
itive association between the pairs of projected objects of in-
terest. In this section we estimate the distance distributions be-
tween all the described galaxy subsets and the filamentary spine
dataset in 3−dimensional Euclidean space. We calculated the
distances from the set of filamentary spine axes to the photomet-
ric galaxy lines of sight and the spectroscopic redshift galaxy
lines of sights. To do this, a quotient D was built using these
distances. The calculation of this quotient is described in depth
in the Sect. 3.4. This analysis shows us if the clustering effect
can be seen as a physical signal in the smaller distances between
the sets. The quotient D for distances from filamentary spines to
photometric galaxy lines of sight gives a rough estimate for the
radius of the filament according to these galaxies. The detection
algorithm described by Tempel et al. (2014a) used a set scale of
∼ 0.5 Mpc for the radius of the filamentary objects.
In Fig. 7 the lines depict the quotient, which was calculated
for the distances from filamentary spines to galaxy datasets. The
red line in the upper panel of Fig. 7 shows the strong trend
for spectroscopic galaxies. This indicates that the spectroscopic
galaxy lines of sight have a significantly greater probability to
be located at smaller distances from the filamentary spines than
randomly distributed lines of sight are. This result is highly an-
ticipated as the filament catalogue was derived by applying an
object-marked point process with interactions on the same spec-
troscopic galaxy data. The dark green line shows that the pho-
tometric galaxy lines of sight are more frequently located at
smaller distances from the filamentary spines than the randomly
distributed lines of sight. This implies that they carry informa-
tion about the location of the network.
Figure 7 also describes the filament sizes. As filaments are
described to be filled to a higher degree with galaxies than the
surrounding areas, the drop in the relation of the distance dis-
tributions illustrates the rough scale of the defined filament. The
steep drop around 0.5 Mpc for the spectroscopic galaxies is again
anticipated, as the model was applied on these galaxies with
a set radius of about 0.5 Mpc for the filaments. The decrease
of the quotient for the photometric galaxies roughly matches
that of spectroscopic galaxies. The photometric galaxies give a
rough estimate that the filament widths are about 1 Mpc. The
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Fig. 7. The y−axis is the quotient D dependent on the distance r, which
is described by the x−axis. See Sect. 3.4 for a detailed description of
D. The dark green line draws the quotient of distances from filamentary
spines to photometric galaxy lines of sight and to lines of sight that are
distributed randomly. The red line draws the quotient of distances from
the filamentary spines to spectroscopic galaxy lines of sight and to lines
of sight that are distributed randomly. The shaded areas surrounding the
lines denote the calculated 0.95 confidence intervals.
sharper drop of the quotient (green line) levels somewhat be-
fore 1 Mpc. This confirms that the filament radius is about 0.5
to 1 Mpc. The relation of the distance distributions for spectro-
scopic galaxies (red line) approximately reaches the value 1 at
about the 2.1 Mpc threshold. The quotient of the distance distri-
butions for photometric galaxies (dark green line) approximately
reaches the value 1 at about the 2.5 Mpc threshold.
In this subsection the quotient D was used to estimate the
3-dimensional distances between the filamentary spines and the
two galaxy datasets. The physical distances between photomet-
ric galaxies and filamentary spines are probably smaller than
1 Mpc (Fig. 7). This shows that the photometric galaxies trace
the filamentary network. The value 1 Mpc is also a rough esti-
mate for the width of a filamentary spine given by the photomet-
ric galaxies.
4.3. Studying the distances between sampled filamentary
spines and photometric galaxies in 3-dimensional
Euclidean space
In Sect. 2.4 we described all the mechanisms we used to sam-
ple the filamentary spine data and the galaxy datasets. For the
following analysis we show all the results in the contexts of the
sampled objects. Firstly, results for the quotient D are shown for
filaments that were filtered according to their average angles α
towards the line of sight. Then the results for the quotient are
drawn, when the objects were sampled into 200 Mpc wide dis-
tance ranges.
Filamentary spines were sorted into sets according to their
orientation towards the line of sight α (Eq. 2). More information
about the samples is listed in Table 1. The distances from each
of the filamentary spine sample sets to the photometric redshift
galaxy lines of sight were calculated.
In Fig. 8 we show the quotient D of the normalised distance
distributions for α sampled data. Figure 8 shows that the photo-
metric galaxy lines of sight are located closer to the two viewed
filamentary spine α samples more frequently than the randomly
distributed lines of sight. This shows the physical trend that dis-
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Fig. 8. The y−axis is the quotient (see Sect. 3.4) value for the subsam-
ples of filamentary spines dependent on the distance r, which is de-
scribed by the x−axis. The dark green line draws the distance quotients
for all filamentary spines to the photometric galaxy lines of sight. The
dark blue line draws the distance quotients for the perpendicular fil-
amentary spines to the photometric galaxy lines of sight. The orange
line draws the same quotient for non-perpendicular filamentary spines
and photometric galaxy lines of sight. The shaded areas surrounding the
lines denote the calculated 0.95 confidence intervals.
tances smaller than 1 Mpc are more frequent between the two
differently oriented filamentary spines and photometric galaxy
lines of sights. This verifies that the compression of the Finger-
of-God effect with the FoF algorithm does not compress the fila-
mentary spines along the line of sight in such quantities that the
trend we studied would be greatly affected. It also indicates that
the physical trend for smaller distances between the photometric
galaxy lines of sight and filamentary spines is not affected by the
orientation of the filamentary spines.
We then selected filamentary spines and photometric galax-
ies into 200 Mpc wide distance ranges from 200 to 800 Mpc.
The filaments were sampled using the mean distance of a fila-
mentary spine to the observer (Eq. 3), and photometric galax-
ies were sampled using their redshift estimate in the catalogue.
In Sect. 2.4 the sampling of filamentary spines and photometric
galaxies into 200 Mpc distance ranges is described and justified.
The number of objects inside these subsets is given in Table 1.
The dotted lines in Fig. 9 are built of filamentary spines
and photometric galaxies sampled into the described 200 Mpc
wide distance ranges. For every calculated quotient, the num-
ber of randomly distributed points on the sphere is equal to
the number of photometric galaxies in the view. The continu-
ous lines draw the relations, when we did not limit the photo-
metric redshift galaxies into the subsequent distance ranges. In
the latter case, the quotients were calculated using photomet-
ric galaxies at the distance range of 200 − 800 Mpc and fila-
mentary spine sets at the 200 − 400 Mpc, 400 − 600 Mpc, and
600− 800 Mpc distance ranges. Figure 9 shows that limiting the
photometric redshift galaxies into subsequent ranges enhances
the trend of smaller distances between filaments and photomet-
ric galaxy lines of sight. In all of the 200 Mpc wide distance
ranges, the trend for smaller distances between the observed sets
is stronger when we use photometric redshifts to limit photomet-
ric galaxies. This indicates that the photometric redshift carries
vital information about the location of the galaxy and might con-
tribute to filamentary structure modelling.
The quotient D values in Fig. 9 also show that the trend of
smaller distances between filamentary spines and photometric
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Fig. 9. The y−axis is the quotient (see Sect. 3.4) value for the sub-
samples of data dependent on the distance r, which is described by
the x−axis. The colors purple, turquoise and brown indicate the quo-
tient of distance distributions if the filamentary spine data is filtered
into subsequent distance ranges 200 − 400 Mpc, 400 − 600 Mpc and
600 − 800 Mpc. The line type indicates whether the photometric galax-
ies are filtered into corresponding subsequent ranges or not. For dotted
lines both the galaxies and filaments are limited, for continuos lines only
filaments are limited to distance ranges and photometric galaxies lie be-
tween 200 − 800 Mpc. The samples of data are described thoroughly in
Table 1. The shaded areas surrounding the lines denote the calculated
0.95−confidence intervals.
galaxies grows with the distance range. This indicates that the
distances between filamentary spines and the lines of sight of
photometric galaxies are more frequently smaller for objects in
higher distances. The trend of a stronger signal at longer dis-
tances holds regardless of whether we apply the limits on pho-
tometric galaxies distances. The strongest trend of the quotient
indicates more frequent smaller distances between filamentary
spines and photometric galaxies lines of sights at the distance
range of 600 − 800 Mpc. One possible explanation for this ef-
fect might be that at greater distances, the photometric galaxies
we detected are among the brightest and more massive. Galaxies
like this are more frequently located in filamentary spines (Cau-
tun et al. 2014).
In this subsection the quotient D was used to analyse the
origin of the trend of smaller distances between objects in
3−dimensions, which we described in the previous subsection
4.2. The bulk of the trend comes from the objects at greater dis-
tances (Fig. 9). Limiting photometric galaxies by their redshift
estimates and filamentary spines to distance ranges enhances the
trend of smaller distances between the objects, which shows that
the photometric redshift has viable information about the loca-
tion of the galaxy.
5. Conclusion and discussion
We followed a preliminary analysis to obtain insight into the pos-
sible contribution of photometric galaxies to the already detected
pattern of the filamentary network. The filament catalogue was
derived from the spatial distribution of spectroscopic galaxies
(Tempel et al. 2014a, 2016). This study gave insight into the pos-
sible photometric galaxy input to the detection of the filamentary
network. The analysis was made in a region of a sphere and in
3−dimensional Euclidean space. A brief overview of the results
is given below.
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In Sect. 4.1 the bivariate J−functions were computed to anal-
yse possible clustering between photometric galaxies and fila-
mentary spines. The datasets were projected onto a sphere and
the summary statistics between the investigated sets was calcu-
lated. The results of the bivariate J−functions in Fig. 5 indicate a
clear positive association (clustering effect) between photomet-
ric galaxies and all the viewed subsamples of filamentary spines.
The clustering effect was stronger when the filamentary objects
were characterised by their spines rather than by the spectro-
scopic galaxies that reside in them (Fig. 6). This indicates that
the photometric galaxies are truly positively associated with fila-
mentary spines. Photometric galaxies exhibit a tendency to be lo-
cated in groups with the spectroscopic galaxies. This might have
an effect on the clustering trend. This was minimised by masking
out all photometric galaxies that were located at a radian distance
equivalent to 0.5 Mpc in the spectroscopic galaxy distance to the
observer. The result is also shown in Fig. 6. The effect of cut-
ting “holes” into the datasets affected the trend in the range of
the sizes of the holes, which reached up to 0.002 radians in the
viewed region of the sphere. The obtained bivariate J−function
still indicates a clustering effect between the masked-out photo-
metric galaxies and filamentary spines, although for the smallest
distances (roughly up to 0.002 radians), most of the clustering
trend is contributed by groups that consist of spectroscopic and
photometric redshift galaxies.
The bivariate J-functions in Fig. 5 also indicate a change in
the strength of the clustering between photometric galaxies and
filaments that depends on the filament orientation. Photometric
galaxies and filaments noted as non-perpendcicluar to the line
of sight exhibit a stronger positive association than photomet-
ric galaxies and perpendicular filaments. This can be partly at-
tributed to a roughly fourfold difference between the compared
filament subset sizes, which is shown in Table 1.
In Sect. 4.2 the analysis was made in 3−dimensional Eu-
clidean space. For this, galaxies in the two datasets were de-
scribed by lines of sight following through their position on a
sphere and the filamentary spines were described as configu-
rations of connected segments in 3−dimensions. Distances be-
tween the filamentary spines and galaxy lines of sight were cal-
culated. For each of the cases, randomly distributed line of sights
were generated, and the distances from the viewed filaments to
these objects were calculated. Correspondingly, a quotient D was
built (Sect. 3.4). This quotient compares the distance distribu-
tion of filaments to galaxies to that of filaments to randomly
distributed points. The results obtained in this section (Fig. 7)
confirmed the phenomenon that photometric galaxies are located
close to the filamentary spines. The distances from filamentary
spines to photometric galaxy lines of sight are distributed, when
compared to randomly distributed lines of sight, significantly
more frequently at smaller distances. This distribution also gives
a rough estimate for the filamentary spine width: the radius of the
spine is estimated to be roughly around 1 Mpc. In modelling the
filamentary spines from the spatial distribution of spectroscopic
galaxies, the filament radius was set to approximately 0.5 Mpc.
In Sec. 4.3 the analysis continued between the previously
described objects in 3−dimensions. Filaments and galaxies were
additionally sorted either by their angle towards the line of sight
and/or distance. The result in Fig. 8 showed no clear change in
the quotient values, when the filamentary spines were sampled
according to their average angle α¯ towards the line of sight. Then
the spines and photometric galaxies were sampled into 200 Mpc
wide distance ranges. The result in Fig. 9 showed that by limiting
photometric galaxies to distance ranges along with the filamen-
tary spines, we were able to boost the trend that they are located
close to the structure spines. This shows that the quite uncer-
tain redshift estimates in the catalogue of photometric galaxies
already carries vital information about the location of the galax-
ies. In addition, the trend of smaller distances between the ob-
jects grew with the distance range. This indicates that the further
detected photometric galaxies are more likely to be located in
filamentary structures. This effect might arise from the detection
of more massive galaxies at far away distances. At large dis-
tances from the observer, the detected galaxies are more proba-
bly in higher density regions of the Universe, such as filamentary
spines.
Our analysis verifies that the information hidden in photo-
metric redshift galaxies may contribute to the filamentary net-
work detection. The photometric galaxies give additional infor-
mation about the structure of the cosmic web. Their highest im-
portance in the detection of large-scale structures is at high red-
shifts. At lower redshifts, their contribution could be in filling
in the “gaps” in the currently constructed large-scale map. By
complementing the catalogue of spectroscopic redshift galax-
ies with the photometric redshift galaxies, a more detailed and
far-reaching map of the galaxy filaments was constructed. Addi-
tionally, in 3-dimensions, the photometric galaxy lines of sight
distances from filamentary spines gave a rough estimate that the
radius of filaments is about 1 Mpc. The strongest contribution to
the clustering effect seen between photometric galaxies and fil-
amentary spines drawn by the J−function at the smallest great-
circle arc distances (up to 0.002 radians) comes from the effect
of galaxy groups because the photometric galaxies are clustered
around the spectroscopic galaxies. The effect of galaxy groups
was also detected in the 3−dimensional view of the objects: with
larger distance, the physical signal of photometric galaxies lo-
cated close to the spines increased. This was explained by the
effect that brighter and more massive galaxies are more proba-
bly detected at greater distances. These galaxies are also mostly
located in higher density regions of the Universe. This indicates
that they might also be galaxies in groups.
Large-scale photometric redshift estimates, although they
have been quite imprecise so far, might contribute substantially
to the detection or description of the complex filamentary struc-
ture of the Universe. The use of these photometric galaxies red-
shifts would be more complex than the spectroscopic galaxy red-
shifts because they are measured with lower accuracy. In the
upcoming photometric redshift catalogues (Benitez et al. 2014),
however, their contribution to the detection of the network would
be greater as the redshift estimates are significantly better than in
the catalogue used in this analysis (SDSS DR 12), which would
make the use of the photometric redshifts more beneficial. Alter-
natively, the filamentary network could be used to improve pho-
tometric redshift estimates, as described in Aragon-Calvo et al.
(2015). The next step in our study would be to combine the pho-
tometric redshift estimates (J-PAS data) and the spectroscopic
redshifts (SDSS data) to create a more complete and detailed
map of the cosmic web.
Acknowledgements. We thank Antti Tamm, Jukka Nevalainen, and Punyakoti
Ganeshaiah Veena for valuable comments. We acknowledge the financial sup-
port by the institutional research funding IUT26-2 and IUT40-2 of the Estonian
Ministry of Education and Research and the support by the Centre of Excellence
“Dark side of the Universe” (TK133), which is financed by the European Union
through the European Regional Development Fund. ET acknowledges the grant
MOBTP86. The work of Radu Stoica was supported by a grant of the Romanian
Ministry of National Education and Scientific Research, RDI Program for Space
Technology and Advanced Research - STAR, project number 513.
Article number, page 12 of 13
M. Kruuse et al.: Photometric redshift galaxies for filament detection
References
Aragon-Calvo, M. A., van de Weygaert, R., Jones, B. J. T., & Mobasher, B. 2015,
MNRAS, 454, 463
Baddeley, A., Bárány, I., & Schneider, R. 2007, Stochastic Geometry: Lectures
given at the CIME Summer School held in Martina Franca, Italy, September
13–18, 2004, 1
Baddeley, A., Rubak, E., & Turner, R. 2015, Spatial point patterns: methodology
and applications with R (CRC Press)
Beck, R., Dobos, L., Budavári, T., Szalay, A. S., & Csabai, I. 2016, MNRAS,
460, 1371
Benitez, N., Dupke, R., Moles, M., et al. 2014, arXiv e-prints, arXiv:1403.5237
Beygu, B., Peletier, R. F., van der Hulst, J. M., et al. 2017, MNRAS, 464, 666
Bond, J. R., Kofman, L., & Pogosyan, D. 1996, Nature, 380, 603
Cautun, M., van de Weygaert, R., Jones, B. J. T., & Frenk, C. S. 2014, MNRAS,
441, 2923
Chiu, S. N., Stoyan, D., Kendall, W. S., & Mecke, J. 2013, Stochastic Geometry
and its Applications. Third Edition. (John Wiley and Sons)
Colless, M., Dalton, G., Maddox, S., et al. 2001, MNRAS, 328, 1039
Crone Odekon, M., Hallenbeck, G., Haynes, M. P., et al. 2018, ApJ, 852, 142
de Lapparent, V., Geller, M. J., & Huchra, J. P. 1986, ApJ, 302, L1
Foxall, R. & Baddeley, A. 2002, Journal of the Royal Statistical Society: Series
C (Applied Statistics), 51, 165
Ganeshaiah Veena, P., Cautun, M., van de Weygaert, R., et al. 2018, MNRAS,
481, 414
Gott, J. Richard, I., Melott, A. L., & Dickinson, M. 1986, ApJ, 306, 341
Gott, J. R., Choi, Y.-Y., Park, C., & Kim, J. 2009, ApJ, 695, L45
Huchra, J., Davis, M., & Latham, D. 1983, A survey of galaxy redshifts. IV: The
data
Illian, J., Penttinen, A., Stoyan, H., & Stoyan, D. 2008, Statistical analysis and
modelling of spatial point patterns, Vol. 70 (John Wiley & Sons)
Jõeveer, M., Einasto, J., & Tago, E. 1978, MNRAS, 185, 357
Jackson, J. C. 1972, MNRAS, 156, 1P
Jones, B. J. T. 2017, Precision Cosmology
Kleinschroth, F., Healey, J. R., Gourlet-Fleury, S., Mortier, F., & Stoica, R. S.
2016, arXiv e-prints, arXiv:1602.01436
Kuutma, T., Tamm, A., & Tempel, E. 2017, A&A, 600, L6
Lawrence, A., Rowan-Robinson, M., Ellis, R. S., et al. 1999, MNRAS, 308, 897
Libeskind, N. I., van de Weygaert, R., Cautun, M., et al. 2018, MNRAS, 473,
1195
Martinez, V. J. & Saar, E. 2001, Statistics of the galaxy distribution (CRC Press)
Møller, J. & Waagepetersen, R. P. 2004, Statistical inference and simulation for
spatial point processes (Chapman and Hall/CRC, Boca Raton)
Moore, B., Frenk, C. S., Weinberg, D. H., et al. 1992, MNRAS, 256, 477
Myllymäki, M., Mrkvicˇka, T., Grabarnik, P., Seijo, H., & Hahn, U. 2017, Journal
of the Royal Statistical Society, Series B
Peebles, P. J. E. 1980, The large-scale structure of the universe
Pimbblet, K. A., Edge, A. C., & Couch, W. J. 2005, MNRAS, 357, L45
Stoica, R. S. 2010, European Physical Journal Special Topics, 186, 123
Stoica, R. S., Martínez, V. J., & Saar, E. 2010, A&A, 510, A38
Sunyaev, R. A. & Zeldovich, Y. B. 1970, Ap&SS, 7, 3
Tempel, E., Saar, E., Liivamägi, L. J., et al. 2011, A&A, 529, A53
Tempel, E., Stoica, R. S., Kipper, R., & Saar, E. 2016, Astronomy and Comput-
ing, 16, 17
Tempel, E., Stoica, R. S., Martínez, V. J., et al. 2014a, MNRAS, 438, 3465
Tempel, E., Tago, E., & Liivamägi, L. J. 2012, A&A, 540, A106
Tempel, E., Tamm, A., Gramann, M., et al. 2014b, A&A, 566, A1
Tempel, E., Tuvikene, T., Kipper, R., & Libeskind, N. I. 2017, A&A, 602, A100
Tully, R. B. & Fisher, J. R. 1978, in IAU Symposium, Vol. 79, Large Scale
Structures in the Universe, ed. M. S. Longair & J. Einasto, 31
Turner, E. L. & Gott, J. R., I. 1976, The Astrophysical Journal Supplement Se-
ries, 32, 409
van Lieshout, M. N. M. 2000, Markov Point Processes and their Applications
(Imperial College Press, London)
van Lieshout, M. N. M. 2016, arXiv e-prints, arXiv:1604.02302
van Lieshout, M. N. M. & Baddeley, A. J. 1996, Statistica Neerlandica, 50, 344
van Lieshout, M. N. M. & Baddeley, A. J. 1999, Scandinavian Journal of Statis-
tics, 26, 511
Vogeley, M. S., Park, C., Geller, M. J., Huchra, J. P., & Gott, J. Richard, I. 1994,
ApJ, 420, 525
York, D. G., Adelman, J., Anderson, John E., J., et al. 2000, AJ, 120, 1579
Article number, page 13 of 13
